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Abstract

The Fluctuation-Dissipation Theorem (FDT) is one of the greatest
success of modern statistical physics. Despite its indisputable theoretical
strength, the theorem in its original formulation seems to fall short when
we have to deal with systems that are inherently out of equilibrium. The
purpose of this letter is to provide a natural extension of the FDT for
renewal, event-driven systems that evade the usual Poissonian statistics.
We shall further provide some experimental evidence of the validity of this
extended theory. [3, 14, 2]

The Linear Response Theory (LRT), as formulated by Kubo in [10], is of great
importance and widespread use in physics. The mathematical tools developed
by Lee [11, 12] make the LRT particularly suitable for the study of Hamiltonian
systems. Up until now, there is not a general theory that fully extends the LRT
and its mathematical tools to non Hamiltoninan, nonequilibrium systems.

The Fluctuation-Dissipation Theorem (FDT) is the basis of the linear re-
sponse theory. It relates the linear response function of a system to a small
perturbation to the time derivative of its equilibrium correlation function. In
its original formulation, the FDT requires the evolution of the system to be dic-
tated by Hamiltonian operators. Let us note with ξS the variable of the system
we are considering and with ξP the time dependent perturbation we apply to
the system. According to the FDT, we have

χ(t, t′) =
d

dt
C(t, t′), (1)

where C(t, t′) = C(t − t′) is the equilibrium correlation function and χ(t, t′) is
the linear response function.

The response of the system is given by the convolution of the response func-
tion with the perturbation,

〈ξS(t)〉 =

∫ t

−∞
χ(t, t′)ξP (t′) dt′. (2)

In the case of non-Poissonian, non-ergodic, renewal systems, it appears un-
likely to �nd an Hamiltonian description [6]. We recall that these systems are
characterised by crucial events happening with a non-Poissonian distribution of
the waiting times. The phase between two consecutive crucial events is often
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referred to as laminar or quiescent region. The renewal property states that the
memory of the system is reset at every crucial event [4], practically limiting the
self-correlation of the system to a single laminar region. The non-Poissonian dis-
tribution of the waiting times causes the ergodicity break down of the dynamics
and the rise of aging e�ects of great theoretical interest [13]. We can assume
the survival probability of the waiting times to follow an inverse power-law of
the form

Ψ(t) =

(
T

T + t

)µ−1
, (3)

with 1 < µ < 2, often called the complexity index, and T a macroscopic time
needed for normalisation.

Let us consider a system drifted out of equilibrium by the succession of the
renewal crucial events we mentioned above. After a proper experimental prepa-
ration, the crucial events happen with a rate decreasing in time, given by [2]

R(t) ∼ 1

tµ−2
. (4)

According to renewal theory [8], Eq. (4) yields a survival probability Ψ(t) ∼
t1−µ.

The experimental setup we consider [14, 2] consists of a nematic liquid crys-
tal (NLC) of methoxybenzylidene butylaniline (MBBA), in a weak turbulent
regime. The sample of NLC is sandwiched between two glass plates coated with
indium oxide to allow electrical conductivity, and an alternate potential of fre-
quency 40 Hz is applied through it. The dimensions of the samples are those of
a square of side 1.00 ± 0.01 cm and 25 ± 1 µm thick, and the internal walls of
the cell are rubbed to force planar alignment. The NLC is kept at the constant
temperature of 21.000 ± 0.004◦C via a double thermostat and it is observed
through a polariser microscope, illuminated by a feedback stabilised lamp. The
birefringent nature of the NLC makes the observed light intensity locally de-
pendent on the orientation of the molecules of MBBA. When the amplitude of
the potential applied exceeds the threshold VC = 19.4 ± 0.1 V the system self-
organises in electric-hydrodynamic convective rolls known as Williams domains
[9]. Increasing the voltage of ca. 24.0 V gives rise to a fully turbulent regime.
The experimental observation is made just above VC , at V1; in this condition
an interesting dynamics of birth and death of defects is present in the former
regular roll pattern. Locally, the light transmitted through the sample depends
on the state of the defects, which is the observable that will constitute our ξS .
In fact the globally observed transmitted light has a power spectrum of the form
1
fη , which is linked to the survival probability of the defects via the fundamental

relationship [14, 2]
η = 3− µ. (5)

The system is prepared by �rst driving into the turbulent state at V =
24.0±0.1 V (µ > 3) for 20s, causing the destruction of any pre-existent structure.
The tension is then lowered to V1 = 20.4 ± 0.1 V (mu ≈ 1.5, cf. Fig. 1). At
this point the perturbation is turned on in the form of a modulation of V with
± cos(ωt) of amplitude ∆V .
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Figure 1: Λ+(t). The green continuous green line is t1−µ with µ = 1.56. Aver-
ages on 300 repetitions of the experiment.(From [2])

The theoretical prescription for the response to a perturbation is of the
following form:

〈ξS(t)〉 = CR(t) cos(ωt+ φ), (6)

where C and φ are �tting parameters and the complexity index µ intervening
in the rate R(t) can be determined from the experiment itself by means of
Eq. (5). This is shown in [14] and �g. 2. Due to the preparation of the system,

Figure 2: µ as function of reduced voltage ε = V/VC − 1. The solid line serves
only as a guide for the eye. Inset: power spectrum for ε = 0.260±0.003. Fitting
line at µ = 2.44. (From [14]).

a corrective term must be added to Eq. (6) to take into account the relaxation
from the fully turbulent state:

〈ξS(t)〉 = 〈ξ(0)〉Ψ(t) + CR(t) cos(ωt+ φ),

where C depends on ∆V/(V1 − VC) = 0.025 in our case.
The two modulations generate di�erent responses and we shall observe the

quantities

Λ±(t) =
〈ξS(t)〉+〈ξS(t)〉+±

2
,

where 〈ξS(t)〉± is the response to ± cos(ωt).
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The conjectures to derive Eq. (6) from a LRT are the following:

χ(t, t′) =
d1

dt′
C(t, t′) or (7)

χ(t, t′) = −d1

dt
C(t, t′). (8)

Since we do not have access to a Hamiltonian description of the system, we must
rely on other quantities that capture the out of equilibrium condition. We then
use the age-speci�c rate of event production [7]:

g(t) =
ψ(t)

Ψ(t)
. (9)

Here ψ(t) is the probability distribution of the waiting times, linked to the
survival probability through the relationship Ψ(t) =

∫∞
t
ψ(t′) dt′. Using the

initial condition Ψ(0) = 1, this yields

Ψ(t) = exp

(
−
∫ t

0

g(t′) dt′
)
. (10)

Poissonian systems are not subjected to aging, i.e. g(t) = g constant. Plugging
this into Eq. (10), we do in fact �nd an exponential decay of the Ψ(t). In our
case of non Poissonian systems, g(t) is a decreasing function of the time; one
of the simplest ways to achieve such behaviour in agreement with a power-law
relaxation of the Ψ(t) is

Ψ(t) =
r0

1 + r1t
.

This gives us the survival probability of Eq. (3), with T = 1/r1 and µ = 1+r0/r1.
The resetting of the memory of the system at every crucial event lead us to

the introduction of a rate in the laminar region:

r(t) = g(t− ti),

ti being the time of the last event. The Ψ(t) depends on the time t′ at which
the observation begins:

Ψ(t, t′) =

〈∫ t′

0

dt′′R(t′′)e−
∫ t
t′′ r(τ) dτ

〉

=

∫ t′

0

dt′′R(t′′)e−
∫ t
t′′ g(τ) dτ

=

∫ t′

0

dt′′R(t′′)Ψ(t− t′′), (11)

where in the last step we used Eq. (10).
Using the result of [1] we know that when the signal ξS in the laminar region

is made of variables drawn from a distribution of �nite variance, the correlation
function C(t, t′) reduces to Ψ(t, t′). Therefore, using Eqs. (7) and (11) we have

χ(t, t′) = R(t′)Ψ(t− t′), (12)
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whereas using Eqs. (8) and (11) yields

χ(t, t′) = ψ(t, t′) =

∫ t′

0

R(t′′)ψ(t− t′′) dt′′ + ψ(t). (13)

Eq. (12) is called the phenomenological LRT, and corresponds to the assumption
that the perturbation only a�ects the response of the system in the laminar
region, leaving the occurrence times of the crucial events untouched. Eq. (13)
is called dynamical LRT and assumes that the perturbation does a�ect the
occurrence times. References [2, 5] showed that this version of the LRT leads to

Λ−(t) =
ε

Γ(µ− 1)

1

(ωt)
2−µ cos

(πµ
2

+ ωt
)
,

which has the same form as Eq. (6).

By this procedure the validity of the linear response theory is extended be-
yond Hamiltonian systems, opening the scene to the study of the response of
renewal non ergodic systems. This is particularly interesting, especially in con-
nection with neuroscience, where this theory might explain the links between
the complexity of the brain and other complex signals like speech and music.

I thank Paolo Allegrini for lending me some of his notes on renewal theory.
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