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Abstract

The study of the statistics of ranks is an interesting problem in sta-
tistical mechanics in that it connects the �uctuations of isolated physical
quantities, or agents, to the �uctuations of the rank of each agent within
a set on which an ordering is established. We are going to propose some
possible quantities that can constitute a basic set of tools for a more
systematic future study. We shall test the e�cacy of such quantities to
describe the dynamics of rankings by simulation on toy models and eval-
uate properties and defects of each. We will show that, in most cases, the
quantities considered so far are di�cult to treat by computational or the-
oretical means. Nevertheless, we shall see that, in the case of a su�ciently
small number of agents, new conclusions can be drawn on the number of
rank changes in the system.
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1 Introduction

The ranking of multiple agents evolving in time is of great interest in many
di�erent disciplines and �elds, including economics [1] and sociology [2], but
also network theory [3] and statistics of the extremes [4], and many technological
applications [5].
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This study focusses on the statistics of rank changes, ultimately aiming to
understand the dynamics involved in the variation of the population of big
cities.

The population of cities evolves in time and it is distributed according to
a distribution that appears to be stationary [2]. In fact, Zipf's empirical law,
dating back to the 1950s, states that the steady distribution of the population of
cities plotted against their rank attends a power law distribution with exponent
close to one. Note that this phenomenon is not limited to a discussion about
populations: for instance the frequency of occurrence of a word in a book follows
a Zip�an distribution as well, although the exponent may vary.

Despite the statistical stability of the ranking, the underlying dynamics of
the populations are extremely intense and complex. The rank of the populations
can undergo very big �uctuations. This phenomenon is more general, and can
be observed in complex dynamical networks as well [3].

Thus, it is evident that a realistic model for the growth of cities must comply
with these two constraints: it must yield to the stationary Zipf's Law but it must
also reproduce the �uctuations of the ranks.

Being interested in the behaviour of every rank, and especially the intermedi-
ate ones, which most evidently exhibits the duality stable-law/wide-�uctuation,
we extend the concept of statistics of extremes and we aim to open the study
of the statistics of orderings, a very wide �eld of research which, despite its
exciting perspectives of applications, it has not achieved much in terms of the
comprehension of the problem.

To achieve our goals, we are going to �rst inspect the possible quantities that
may e�ciently characterise the dynamics of rank changes. Subsequently we
are going to study these quantities in toy models such as Brownian walkers.
A more realistic model for the growth of cities is the one proposed by Kesten
[6, 1], which will be the preferred test bed for the future stages of this research.
Ultimately, we are going to apply the techniques to real world time series from
the �nancial markets to explore applicability in domains other than population
dynamics.

2 Quantifying the rank change

In order to be able to successfully study the statistics of rankings, we faced
the quest for suitable quantities upon which to build the statistics. Not having
references in literature, we had to invent our own quantities, and to compare
their e�cacy to describe the dynamics we aim to investigate with practical
problems, such as their a�ordability from both a theoretical and a computational
point of view; by this we mean that an extremely interesting quantity, which in
turn is too hard to study, is, in the end, not useful at all. The quantities have
generally been tested on the simplest possible models to obtain a set of N time
series: the Brownian motion and its discrete version of random walk.

2.1 General formulation of the problem

Let us consider a set of N time series, for example the position in time of N
Brownian walkers x(t), where t is a discrete time-step. We consider a model
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in which at every time-step, each walker will walk a distance extracted from
the uniform distribution in the real interval (−1, 1). This is favourable, in
comparison to a discrete pace model, because it resolves ambiguities due to
distinct walkers occupying the same position in space.

At every instant we can introduce an ordering of the random walkers, for
example the normal ordering of real numbers, so that at time t we shall assign
rank r(t) = 1 to the walker that has travelled the farthest distance toward the
positive real axis, rank r(t) = 2 to the one that has only the walker ranked 1
ahead of him, and so on until the last one. Note that the choice of the ordering
is not unique: we could for instance choose to assign the �rst rank to the walker
that has so far taken the largest number of forward paces, or the one that
travelled the largest distance in the past three time steps, or even more exotic
orderings.

With the canonical ordering, another extremely important observation is
due: the problem exhibits an evident symmetry with respect to the inversion of
the ranking order. The walker ranked �rst corresponds to the one ranked last
(N th) at the same moment in the reversed ordering.

A rank change occurs whenever any walker crosses its trajectory with another
one, inverting its ranking with the one that crossed it.

In order to place our problem within a known theoretical frame, we can
consider the motion of a single random walker in one dimension, which starts at
t = 0 from the position x(0) = x0. The probability density ψ(τ) for the walker
to cross the x = 0 position at time τ is

ψ(τ) = −dΨ

dτ
(T > τ) =

x0√
2πt3/2σ

e−
x0

2tσ2 , (1)

where we noted σ2 as the variance of the distribution from which the step
length is extracted at each time-step and Ψ(T > τ) is the cumulative probability
function, or survival probability, i.e. the probability for the walker to �rst cross
the position x = 0 after time T .

We carried out a numerical control of the validity of this PDF, the result of
which can be seen in �g.(1). In the simulation, at each time-step we extracted
the step length from the uniform distribution in the interval [−1, 1], which yields
a variance of σ2 = 1/3. The �rst crossing times have been recorded for a set of
106 iterations of the numerical experiment. Numerical integration of the crossing
times directly yields the Ψ(τ). We successively numerically di�erentiated Ψ(τ)
to get ψ(τ). Note that while the double process of integration-di�erentiation
certainly introduces some error, it eliminates the necessity for us to build the
statistics directly on the crossing times by means of populating a histogram.
This can, in fact, be a tedious task for power-law dominated processes, and
would strongly depend on the algorithm used to populate the bins of the his-
togram due to the long tails of power-law distributions. As we can observe in
the �gure, there is very good agreement between with the theoretical formula
and the numerical experiment.

Note that eq.(1) automatically gives us the probability for the rank changes
of a system of N = 2 walkers. In fact, it can be shown that the trajectory
obtained as the di�erence of the positions of two random walks is a random
walk, too, with di�usion coe�cients equal to the sum of the di�usion coe�cients
of the two walkers.
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Figure 1: Probabilities for the crossing of position x = 0 for a single walker in one
dimension. The probability density ψ(τ) is obtained by numerical di�erentiation
of the survival probability Ψ(τ). The theoretical curve is the one given in eq.(1)
using x0 = 1.0 (top) and x0 = 5.0 (bottom), and σ2 = 1/3, i.e. the variance
of the uniform distribution in the interval [−1, 1], from which the step's length
has been extracted. The curve τ1/2 serves the role of comparison for the slopes
of the distributions.

For its particular interest in applications within the �elds of economics [7] and
sociology [8], but also for its greater approachability from a theoretical point
of view (cf. cited works [11-17] of ref. [9]), among all possible rank changes,
the understanding of the evolution of the agent ranked 1 is a central issue.
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The leader problem, as it is more commonly known in literature, consists of the
determination of the probability for the leader to hold its position for a given
amount of time.

It is known that, for N random walkers on the line, the survival probability
of a leader follows an inverse power law

L(τ) ∝ τ−βN , (2)

where the exponent βN depends on the number of agents involved in the system.
We already know from the previous paragraph that β2 = 1/2.

Great advances in our understanding of the leader problem come from the
work of D.ben-Avraham et al. [9]. Using an innovative approach, this article
shows how the problem for N random walkers can be mapped onto an equivalent
electrostatical problem in N − 1 dimensions. With this method, the coe�cient
βN can be determined exactly for N = 31, and a very high precision numerical
result is presented for N = 4, which is the �rst case that is not exactly solvable.
The asymptotic behaviour for N → ∞ is already known in literature [12], and
is2

βN −→ log 4N

4
. (3)

To understand the electrostatic formulation, let us �rst analyse the conven-
tional approach to the leader problem in the simple case N = 3. We map the N
walkers in one dimension onto one e�ective walker in N dimensions, which is the
natural generalisation of what we have been doing when we discussed the transi-
tion from one to two walkers. In our particular case we have a particle moving in
the three dimensional space. There are 6 possible orderings of the three former
walkers, which correspond to 6 domains in the 3-D space, divided by planes that
intersect one another along the (1, 1, 1) axis. These can be grouped in pairs,
each corresponding to the two orderings that comply with the leadership of the
same agent, e.g. (1)(2,3) and (1)(3,2). Such pairs of domains divide the 3-D
space, which can be projected onto the plane orthogonal to the (1, 1, 1) axis,
which is then cut in 3 wedges, each with an opening of 2π/3 radiant.

It is known [14] that the survival probability of a di�using particle within a
wedge of an arbitrary opening angle ϕ and absorbing boundaries decays asymp-
totically as

τ−
π
2ϕ , (4)

from which we deduce the known result that the leader survival probability
exponent is β3 = 3/4.

For more than three agents, the analytic treatment of the di�usion equation
in more complex domains becomes extremely complicated. That is why it is
convenient to de�ne the equivalent electrostatic problem of the potential of a
point charge con�ned within the same spacial domain. In general the survival
probability has a behaviour

Ψ(τ) = τ−β , (5)

and the electrostatic potential is of the form

V (r) = r−µ. (6)

1Exact solution for N = 3 already existed in literature: [10, 11].
2Though most works con�rm the logarithmic behaviour, there is not agreement on the

coe�cients [13].
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The calculations, the details of which are beyond the purposes of this report,
leads to the following fundamental relationship that links the exponent of the
survival probability to that of the potential:

β =
µ−N + 3

2
. (7)

For N = 3 and a domain of opening ϕ = 2π/6, µ is equal to 3, and thus
we have β = 3/2, which is consistent with eq. (4). For N = 4 the problem is
not analytically solvable, and we must appeal to numerical methods. By these
means, the authors of ref. [9] have been able to determine β4 with unprecedented
precision: β4 = 0.91342(8).

The survival probability of a leader is certainly a quantity of great interest,
but as we have seen, it is particularly di�cult to treat, both analytically and
numerically. We have veri�ed the coe�cients predicted by ben-Avraham and
his colleagues, and the asymptotic logarithmic behaviour. On the other hand, it
is well known that inverse power laws are problematic to �t, and large amounts
of events have to be produced to populate the fat tail of the distribution. In our
problem, this means that already for N ≈ 20 it becomes too di�cult to get a
neat curve to �t. We thus discourage the use of the leader's survival probability
exponent as a tool to investigate the rank change of large sets of agents. This
doesn't exclude it as a powerful method for the study of small N systems, which
we shall discuss in the following sections.

2.2 Measurements

In this section, we shall present the quantities we measured on the system of N
random walkers, discuss the results, and list advantages and disadvantages of
each quantity analysed.

2.2.1 Temporally local observables

The most straightforward measurement that can be carried out is the probability
to have a rank change of a given amplitude between two consecutive instants of
the evolution of the system, where we call amplitude the number of positions
gained or lost by an agent, i.e. ∆r ≡ r(t + 1) − r(t). We de�ne P (∆r) as
the global probability for an agent to undergo a rank change of ∆r between
t and t+ 1 as

P (∆r) ≡ occurrences of changes of ∆r

total number of rank changes
. (8)

Note that since ∆r = 0 counts as a rank change, the denominator of the formula
above is simply equal to the number of agents N . In order to have a su�ciently
wide statistic, we shall average this quantity in time. Furthermore, the conser-
vation of the number of agents in the system implies that the sum of all rank
changes amplitude must be equal to zero:∑

rank changes i

∆ri = 0. (9)

We also recall the symmetry of the ranking which leads us to expect a distribu-
tion of the ∆r to be symmetrical with respect to ∆r = 0.
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Figure 2: (Top) Global probability of a rank change of amplitude∆r for di�erent
values of N . (Bottom) Probability of not having a rank change (∆r = 0) as a
function of N .

One characteristic of the city population time series is that the cities with
the highest ranks are less inclined to change position in the ranking. In order
to evaluate this tendency, we are going to de�ne a �ner quantity which consists
of the probability that the agent holding rank r undergoes a change ∆r:

Pr(∆r) ≡
# of changes of ∆r starting from rank r

total number of rank changes of rank r
. (10)

This quantity, of course, is meaningless unless we average it on time. Note that
Pr(∆r) is certainly not going to be symmetric with respect to ∆r = 0 (for
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instance, r = 1 can only have negative ∆r); though it will re�ect the symmetry
for inversion of the ranking in that

Pr(∆r) = PN−r(−∆r). (11)

In the top of �g. (2) we can see the result of the direct measurement of
P (∆r) on systems of random walkers with N between 10 and 1000, averaged on
105 time steps. As a precaution to avoid possible transients that might corrupt
the data, we initially evolved the system for 5000 time steps before starting the
measurement. As expected, the distribution is even in ∆r. We also observe
that it tends to become more dispersed as N increases, which can also be seen
in �g. (2)-bottom, where we plotted the probability for ∆r = 0 as a function of
N . This means that in a system with more agents, it is more likely to observe
a non trivial rank change (∆r 6= 0). The scaling in N is also non trivial and it
appears to be slower than exponential. Further investigation in this sense might
be the object of future studies.

In �g. (3) we see the distribution of Pr(∆r) for r = 1, 5, 10, 100. Note that
the curve for r = 1 correctly spans the negative amplitudes only, and that the
probability of keeping the initial rank (∆r = 0) decreases with the departure
rank considered. We stress that this is one fundamental characteristic of the
city population time series: the bigger cities, at the top of the ranking, tend
to have narrower �uctuations of rank compared to those further down, which
exhibit very wide �uctuations.

The P (∆r) and Pr(∆r) are useful tools to give a �rst inspection at the time
series to be studied, but the theoretical approach to explain them appears far
from reach at this time.
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Figure 3: Probability of the amplitude of a rank change involving an agent
initially holding rank r.
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2.2.2 Temporally extended observables

Up to now we only considered quantities that solely involved rank changes be-
tween two consecutive time steps of the evolution of the system. We are now
going to investigate the possibility to evaluate the behaviour of the system by
analysing quantities that are extended in time. The ones we considered in this
study, which we shall discuss in detail below, are: the evolution of the number
of distinct and indistinct walkers occupying the same rank, the average time
elapsed before a walker changes a given rank, and the generalised leader prob-
lem, that is the probability for a single walker to keep its rank. The last two
quantities, very similar but subtly di�erent, are two faces of the same problem
of the probability of persistence on a given rank.

Occupation of the same rank. Due to rank changes, the agents occupy
di�erent ranks as the system evolves. We de�ne Nr(t) as the number of agents
that held the rank r up to time t; in the same way, we de�neN d

r (t) as the number
of distinct agents that �visited� the rank r one or more times: operatively we
increase the count of N d

r (t) by one only when an agent that has never occupied
that rank before settles in that position.

A basic observation is that both quantities are non decreasing functions of
time; furthermore, the number of distinct visitors of a given rank, N d

r (t) will
reach a saturation value equal to the number of agents in the system N for long
times, since eventually all agents will visit all ranks, whereas N d

r (t) will continue
to grow steadily.

For the system composed of N = 100 random walkers, we simulated 30
times the evolution up to time T = 104 and recorded Nr(t) and 80 times the
evolution up to T = 105 to study N d

r (t). The results of the averaging of the
curves obtained in each set of simulations is presented in �g. (4). However, in the
indistinct and distinct case, we notice immediately that higher ranks undergo
a faster alternation in their holder, while the curves exhibit slower growth for
the ranks at the head of the ordering. Due to the �niteness of the ranking, high
ranks are the ones situated farthest from r = 1 and r = N , in the middle of the
ranking. For the distinct case this causes the curves relative to the high ranks to
reach saturation �rst. Note also how, in both distinct and indistinct cases, the
higher ranks tend to approach a common steady growth rate. We heuristically
explain this by saying that the walkers �in mid-ranking� are su�ciently far from
the extremes of the set (r = 1 and r = N) that they behave as if the ranking
was actually unbounded, i.e. N = ∞. As it can be evinced from the �gures, this
asymptotic behaviour is in the form of a close to linear growth for the indistinct
case and to a close to square root growth for the distinct case:

N∞(t) ∼ tκ

{
κ ≈ 1 for the indistinct case

κ ≈ 1/2 for the distinct case.
(12)

This numerical result has not yet found a strong theoretical explanation, which
will require further investigation.

Average persistence times. As emphasised by the previous result, the dif-
ference in the alternation rates of low and high rank is of great importance for
the study of the statistics of rank change. Another empirical measurement we
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The curves are obtained by averaging over respectively 30 and 80 repetitions
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faster growth.

made in this direction is that of the average time of persistence of a walker in a
given rank r:

τ̄r ≡ average persistence time in rank r. (13)

We should remember that, being an average quantity, it might be e�ected by
convergence problems in its parent distribution; particularly when, as in our
case, we have to deal with power laws. For instance, as discussed in eq. (2) and

10



 0

 100

 200

 300

 400

 500

 600

 700

 800

 900

 1000

 1100

 0  20  40  60  80  100

av
er

ag
e 

pe
rs

is
te

nc
e

rank

Average persistence as function of the rank

average persistence times N=100
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ref. [9], the survival probability of the leader has the form of an inverse power
law with an exponent βN that is dependent on N , which causes τ̄r to be in�nite
for N that is su�ciently small, such that βN < 1.

In �g. (5) we see the average times of persistence for the system of N = 100
random walkers with the data taking on a run of T = 107 time steps. We can
immediately make two considerations: the �rst is that, within �uctuations, the
symmetry for ranking inversion is perfectly respected; the second is that the
e�ects of the �nite number of agents in the ranking is limited, from this point
of view, to a relatively thin slice of the edge: in the image it is evident that the
ranks 20÷ 80 have an almost constant τ̄r.

The study of this quantity is, once more, purely empirical, since a theoretical
determination would require some knowledge of the parent distribution which,
as already mentioned, is generally inaccessible at the moment.

Generalised leader problem. We shall now discuss a generalisation of the
leader problem: the determination of the survival probability for the ranks
di�erent from r = 1, ψr(τ). These have all been found to follow inverse power
laws as in the case of the leader, but with exponents that increase in absolute
value as the rank increases.

The numerical study has been carried out for small N , namely N = 3, 4, 5;
in the simulations, we used as initial condition an equal distance of one unit
between the walkers: for example, in the caseN = 3, the walkers initial positions
are −1, 0, 1. The averages have been taken on 107 repetitions of the numerical
experiment, to allow the population of the fat tail of the inverse power law
distributions.

In the �gures (6-8) we plotted both the survival probability and the prob-
ability density of the survival times, obtained as a numerical derivative of the
former. Note that in all �gures it is evident the symmetry for inversion of rank-
ing, which causes the curves that are symmetrical, with respect to N/2, to be
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3 random walkers. The curve τ−3/4 is displayed for comparison purposes.
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Figure 7: Survival probability and probability density of survival times for N =
4 random walkers.

superposed.
In the �g. (6) we plotted a curve proportional to τ−3/4, which is the expected

asymptotic behaviour in N = 3, as we discussed above. We see that the curves
for r = 2 are steeper than the ones corresponding to the leader (r = 1 or r = 3,
due to symmetry). This indicates a faster alternation of the mid-ranking walker
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with respect to the �rst and the last ones.
This is an observation still holds true for N = 4 and 5. In the �rst case, the

curves corresponding to r = 1, 4 and r = 2, 3 are superposed. In the case N = 5
we see three sets of curves, corresponding to r = 1, 5, r = 2, 4 and r = 5.

We expect that for large N the exponent of the survival probability will
saturate to some �xed value. The direct inspection of this e�ect can easily
be done, but would require a substantial amount of time, due to the growing
exponent of the inverse power law as N is increased, which would demand larger
sets of data upon which to average the results.
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 2

 1
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4

Figure 9: Evolution of three walkers. We highlighted the crossings, divided into
(triangles) crossings that cause a leader change, and (squares) crossings that do
not a�ect the leader.

Despite the di�culty in determining the probability functions for the alter-
nation of the di�erent agents at the various ranks, simple reasoning in small N
can lead to interesting insights.

Let us consider a set of N random walkers: we know that the overall number
of crossings of their trajectories up to time t grows as a square root. Let us call
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this quantity

Σ(t) ≡ total number of crossings up to time t (14)

∝ t1/2. (15)

By now considering a system of only N = 3 agents, as pictured in �g. (9),
we can group the set of the crossings up to time t into two di�erent subsets: the
crossings that cause a leader change, and those that do not. We shall call

L(t) ≡ number of crossings causing a lead change; (16)

Z(t) ≡ number of crossings leaving the lead una�ected. (17)

Of course we have
Σ(t) = L(t) + Z(t), (18)

which requires that either L(t) or Z(t) must have the same time behaviour as
Σ(t). Thanks to the symmetry of the ranking, we can easily see that both L(t)
and Z(t) must follow the same square root behaviour, since Z(t) is the number
of lead changes in the reversed ranking. Furthermore, we know that the position
r = 2 sees an alternation of holders with the same rate as Σ(t), since in the case
N = 3, every crossing involves that position, with the exception of extremely
rare double crossings, which can be neglected. Numerically we �nd

L3(t) ≈ 1 · t1/2. (19)

A similar argument can be used for the case N = 4. Let us introduce the
quantity

Mr(t) ≡ number of crossings involving rank r. (20)

As we have seen in the previous paragraphs, Mr(t) undergoes a power law
growth. Let M2 and M3 have a behaviour ∼ tb and L(t) and Z(t) ∼ ta. As
before, we have

Σ(t) =
1

2
[L+ Z +M2 +M3] ∼ t1/2. (21)

In order to respect the asymptotic square root law of Σ(t),

max(a, b) =
1

2
(22)

must hold. We have seen that the survival probability of a walker in any rank
is an inverse power law, and that the exponent increases as the rank is increased
(always keeping in mind that the highest rank is N/2). This implies that the
survival times of the middle walkers r = 2, 3 are shorter than those of the leader
or the last. This would suggest that 1/2 = b ≥ a. From a direct inspection we
�nd that a = 1/2 as well. We �nd numerically (cf. �g. (10)) that

L4(t) ≈ 1.14 · t1/2. (23)

This reasoning can be extended to any N , therefore we expect the square
root growth to be characteristic and independent of the particular dimension of
the system.
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Figure 10: Number of lead changes for N = 4: L4(t
1/2)

In this section we have seen that many quantities of interest can be de�ned
to characterise the rank changes of a set of time series. Despite that, none, thus
far, appear to be su�ciently easy to study both from a numerical and theoretical
point of view.

We now pass on to the study of real world times series, which we are going
to compare to the random walkers systems considered so far.

3 Real world time series analysis

3.1 Cities and Kesten model

In this subsection we are going to discuss some simple qualitative analysis con-
ducted on the ranking of the 100 largest cities of the United States of America,
from 1840 to 1990, utilising the data from the census carried out every 10 years.

Note that in the record there are cities that disappeared from the top 100
largest cities between two consecutive censuses. This introduces an error in
the ranking, since the number of agents in the set is not conserved. The small
number of cities considered and the shortness of the time series (only 15 data
points) are both immense impediments for the creation of reliable statistics.

We followed the evolution of the city holding rank r between every two
consecutive censuses and noted the amplitude of the rank change. The result is
plotted in �g. (11), where we see the cities ranked 1-9 (Top) and 30-39 (Bottom).
In the top �gure we can spot the line corresponding to rank 1 (New York), which
has always been the most populous city in the USA, and thus never had a rank
change (∆r = 0 at all censuses). If we now compare the two images, we see
that the amplitude of the �uctuations of the small ranks is much narrower (∆r
approximatively contained within ±5) than that of the higher ranks pictured
on the bottom (∆r approximately within ±20).

If we take a look at the global probability for a city to undergo a rank
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Figure 11: Rank changes of the �rst 100 cities of the USA: (Top) �rst 10 ranks;
(bottom) ranks 30-39. Notice the wider �uctuation of the higher ranks compared
to the small ones. The vertical lines in the plot correspond to cities that exited
the ranking of the top 100 cities.

change of amplitude ∆r, we �nd, as plotted in �g. (12), a nearly symmetrical
bell shaped distribution, despite its biased tail on the negative ∆r axis. This
is due to the fact that the ranking was not closed, meaning that some cities
entered and exited the ranking during the time span of the almost two centuries
considered. In �gures (13) we have grouped the probability by ranks: we see
that the distribution tends to widen in ∆r, justifying the behaviour observed in
�g. (11).

City population dynamics are quite well represented by Kesten's multiplica-
tive process [12, 1]. We began a study of the number of changes of leader N(t)
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Figure 12: Probability for a city to have a rank change of amplitude ∆r, aver-
aged over all ranks and in time.

in the same fashion as we previously discussed for the random walkers. We can
anticipate that Kesten's process makes the alternation of the leaders slower.
From the �rst data we collected from our simulations, we expect

NKesten(t) ∼ t1/3, (24)

as opposed to NRW ∼ t1/2 that we found for the random walkers.

This analysis on city population is just qualitative, and certainly not ex-
haustive. Further studies with more complete data sets are needed to correctly
analyse the dynamics of city populations and to qualitatively and quantitatively
distinguish the real world time series from the simple models discussed here.

3.2 SP 500

In this �nal section we shall give a quick glance at the history of one year of
stock exchange price of the companies listed in the Standard&Poors 500 R©index.
The S&P 500 is comprised of the 500 leading companies in the U.S. economy,
and was �rst published in 1957.

In �g. (14) we plotted the history of the prices of the 500 companies listed in
the S&P 500. Observe how the prices of the largest stocks (approximately the
largest 10) tend not to cross one another, compared with the lower price stocks,
that continuously cross in an almost chaotic fashion.

In �g. (15) we plotted the total number of crossings in the set as function of
the square root of the day since the beginning of the survey, February 27, 2009.
We can observe the same square root growth in the number of crossings as we
observed in the random walkers systems. This signi�es that, from the point of
view of the rank changes, the stocks considered behave as if they were random
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Figure 13: Probability for the city in rank r to undergo a rank change of am-
plitude ∆r. (Top) Ranks 1-10; (Bottom) ranks 30-39.

walk trajectories. This might be a sign that the top companies, that rarely
change their rank, have negligible impact on the overall dynamics of the set.

4 Conclusions

In this study we introduced the problem of characterising, qualitatively and
quantitatively, the dynamics of rank change for a set of time series. We intro-
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Figure 14: History of the prices (in USD) of the companies listed in the S&P
500 index, as function of the day of exchange since Feb.27, 2009.

Figure 15: Total number of crossings among the 500 histories of the prices.

duced the possible quantities that might constitute a basis to begin the study of:
probability of amplitude of rank change between two consecutive instants of the
series, distinct and indistinct occupation of the same rank, average persistence
times, leader problem, and generalised leader problem.

In general, all quantities present a very high di�culty to be treated from
the theoretical point of view. Furthermore, the presence of inverse power laws
in the survival probabilities for agents to hold their rank introduces signi�cant
di�culties in the study via numerical simulations.

We discussed the �ndings of ben-Avraham et al. for the problem of the
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survival probability of the leader, and we extended the concept to ranks di�erent
from r = 1. From the perspective of the survival probability, ΨN

r (τ), we can
only qualitatively observe that the behaviour is in the form of a power law

ΨN
r (τ) ∼ τ−βN

r , (25)

where β is a non decreasing function of both r and N . When considering the
problem from the perspective of the number of agents alternating in time on a
given rank in small N systems, we can use symmetry arguments to compare the
trend of the global number of crossings to that of the crossings leading to a rank
change for some rank r. This yielded the determination of the universal square
root behaviour for the number of alternations in the r-th rank among N :

MN
r (t) ∼ t1/2. (26)

The work presented in this report is almost entirely qualitative, driven from
numerical simulations, it is only intended to be a way to open a path to the
theoretical approach of the problem of rank changes and provide the reader
with a �rst panorama of the possible ways to systematically characterise the
problem, with strengths and �aws of each. We think that further studies will
have to concentrate on the theoretical determination of the exponents of the
power laws describing the survival probabilities of an agent at a given rank.
This knowledge is, in our opinion, the key to open the understanding of the
rank change dynamics.
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