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Self-organization and complexity in networks

Jacopo Nespolo∗

September 24, 2009

Abstract

In this bachelor degree thesis we briefly analysed some of the most
important network models known in literature, analysing similarities and
differences among the evolutionary network models, namely the ones in
which graph topology changes in time.

We then restricted our study to the model suggested by Jain and
Krishna. This model differs from many others in the dynamics of its
evolution, derived from the idealization of a chemical reactor in which
chemical species interact through catalysis reactions, showing cooperative
and competitive behaviours.

The former model has been modified by Samal and Meyer-Ortmanns
introducing a scale invariance in the network topology by mean of the
preferential attachment scheme. This change slows the evolutionary dy-
namics of the system, preventing an evaluation of the behaviour of the
model, which might change from Poissonian to non-Poissonian.

We thus applied a new change to the model, inspired by models con-
nected to the self-organized criticality (SOC) paradigm. The newly mod-
ified model exhibits power laws both in the network topology and in the
waiting time distribution. Furthermore, the complexity indexes so ob-
tained are not those expected from SOC models, but are rather modu-
lated by networks parameters, allowing the perturbation of the system,
which will be the object of future studies.

This model is particularly versatile for addressing the study of real
networks as catalysis reactor, ecological and economical systems, but we
also think it may find applications in the fields of genetics and neurophys-
iology.

∗e-mail: j.nespolo AT gmail.com
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Introduction

In the last few years we can see a general spreading of physics in other disciplines
that no long ago we thought completely uncorrelated to it. A particular boost
in this direction came from the study of complex systems.

Within the theory of dynamical systems, complex systems are usually char-
acterized by an elevated number of elements interacting non linearly. From
these we can see the emergence of collective phenomena that are not directly
connected to the single elementary constituents. In these systems order and
randomness live together: on the one hand scale properties that make them
correlated in time and space, weak chaos, on the other strong dependencies on
initial conditions.

Among complex systems, complex networks are particularly important, thanks
to their versatility in modelling of natural phenomena and technological issues
from very diverse fields of knowledge: percolation, Bose-Einstein condensation,
communication and transport networks, social and ecological dynamics, eco-
nomic market (cf. [3], sec. II, IV, VIII.G, IX.D), neural networks and nervous
system (cf. [1]).
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Thus, we see the need of a deeper understanding of the class of those systems
we can reduce to a web-like structure.

1 Theory and models of complex networks

Traditionally complex networks have been studied in graph theory. Since 1950’s,
Hungarian mathematicians Paul Erdös and Alfréd Rényi worked on the study of
random networks, thought to be the easiest realization of complex webs [15]. In
their extremely simple model, we consider a set of N nodes and we connect each
pair of them with probability p (thus leaving unconnected a pair with probability

1−p). This procedure yields to a graph with approximately pN(N−1)
2 randomly

distributed links.
The analysis of this model presents us with a fundamental dilemma: are

real networks intrinsically random? The decades-long study of other so called
complex systems, in fact, allowed us to understand that the networks of real
systems must contain some kind of organization, which has to be shown even in
the topology of the graph itself.

In the following subsections we look for quantities such that can help us in
the measurement of the deviation from a completely aleatory behaviour of a
web-like system. In other words, we are going to build some parameters useful
to tell us how complex a network is.

1.1 What a small world we live in!

How many times has a friend introduced us to someone to whom were already
acquainted, leading us to exclaim: “What a small world we live in!”? This is
exactly what we want to formalize with the concept of small world : despite the
great number of nodes, most complex networks show a relatively short average
distance between two randomly chosen nodes, where we call distance the number
of connections we have to go through in order to go from a starting node to an
ending one. The most famous example of this phenomenon was discovered by
psychologist Stanley Millgram in 1967 [16]: he analysed the structure of social
relationships of the population of the United States of America, founding that
there exists a chain, typically spanning six acquaintances in length, connecting
the majority of pairs of US citizens. It is well known saying “every citizen is six
hand shakes away from the President”.

This property is present in many other networks, not necessarily social ones.
We cite as examples the network of scientists, where we define a link between
two researchers as the co-authorship of a scientific article, or the web of chemical
substances in a cell, where a link is the participation of two molecules in the
same chemical reaction taking place within the cell.

Erdös and Rényi demonstrated in their model that the typical distance be-
tween two nodes picked up randomly from the network scales as the logarithm
of the number of nodes, thus implying that random graphs are indeed examples
of small worlds.

To conclude this subsection we underline that the information regarding the
average path length in a web only gives us an idea of how tight the connections
are within the network, but no organizing principles can be evinced from it.
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1.2 The Clustering Coefficient

A characteristic many systems have in common is the formation of subsets of
very tightly connected nodes, called clusters. If in a cluster of k there exist all
the k(k − 1)/2 possible connections, we will say it forms a clique. The trend
to the formation of more and more tightly connected clusters is quantified by
the clustering coefficient, defined by Watts and Strogratz in 1998 [5]. Let us
consider a node i in a graph, with its ki connections to other nodes: we call
clustering coefficient of node i the ratio of the number of existing connections
Ei among the ki nodes linked to i and the maximum number of connections we
can have among them, that is ki(ki − 1)/2:

Ci =
Ei

ki(ki − 1)/2

which is thus a measure of how much a cluster is far from becoming a clique.
The clustering coefficient of the whole network is then trivially defined as the
average 〈Ci〉 of the clustering coefficients over the ensemble of nodes,

C = 〈Ci〉.

In a random graph it can be shown that the clustering coefficient is equal
to the connection probability p [3]. Watts and Strogatz have been the first to
observe that the great majority, if not the totality, of real networks, have a
clustering coefficient typically much higher than an equivalent random graph
(i.e. a graph with the same number of nodes and links).

1.3 Degree distribution and scale free networks

Not all the nodes of a network have the same number of connections, often
called the degree of a node; it thus exists a probability distribution for a node
to have a given number of links or, in other terms, to be characterized by a
certain degree. We will denote P (k) the probability for a randomly chosen node
to have exactly k connections.

In a random graph, every node has a number of connections close to the
average degree of the network 〈k〉 = p(N − 1). This yields to a Poissonian
degree distribution, with the peak centred in 〈k〉.

The empirical study of many real networks (Internet, social networks, etc.),
underlined a significant trend of estrangement from the Poissoninan behaviour
of the degree distribution. Particularly, numerous systems showed asymptotic
inverse power-law behaviour in the degree distribution

P (k) ∼ 1

kγ
.

Systems showing this type of behaviour are referred to as scale-free networks
(Barabási and Albert, 1999, cf.[4]).

1.4 Mathematical formalism for the representation
of networks

In order to effectively analyse the properties of a network, we need to develop
a proper mathematical formalism. As we already said, a network is mathemat-
ically represented as a graph: let us now define it in more rigorously.
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A graph is a pair of sets
G = {P,E},

where P is a set of N nodes (also called vertexes or points) P1, . . . , PN and E
is the set of connections (or links) connecting two elements of P .

Graphs are usually graphically represented as dots connected by lines and it
is often convenient to label the nodes. In the example of fig.1 we have, for sets

1

2

5

3

4

Figure 1: Graphical representation of a graph with 5 nodes.

P and E

P = {1, 2, 3, 4, 5}
E = {{1, 2}, {1, 5}, {2, 3}, {2, 5}}.

Another way of representing a graph G of N nodes is through a N × N
matrix, with the following convention:

Aij =

{
1 if there exists a connection between j and i

0 otherwise.

This is the so called adjacency matrix associated to graph G.
We will say that G is a simple graph if a connection from node i to node

j implies the opposite connection, i.e. if the associated adjacency matrix is
symmetrical.

We will say that G is an directed (or oriented) graph if the connections also
have a direction. It follows then that the adjacency matrix loses its properties
of symmetry. In the graphical representation of an oriented graph we are going
to replace lines with arrows in order to represent the connections.

F is said to be a subgraph of G if its nodes and its connections also belong
to G. Special subgraphs are paths, cycles and trees: a path is an ordered set of
connections and nodes and it is said to be closed if the last connections points
to the first node; a cycle of order k is a closed path involving k connections and
such that for each two consecutive links there exists one and only one node in
common; a tree of order k is a set of k nodes and k− 1 connections such that it
has not subgraphs of the type cycle within it. A subgraph is called a complete
subgraph if there exists all the possible connections among its nodes. In fig. 1,
nodes {2,3,5} form a tree of order 3, while nodes {1,2,5} form a cycle of order
3.

We are now going to analyse a little more in depth the models we previously
mentioned.
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1.5 Random graphs and Erdös-Rényi model

The great intuition of Erdös and Rényi consisted in analysing random graphs
with probabilistic methods. There are two possible operative definitions of a
random graph: in the first we consider N nodes and we connect them with
n links randomly chosen among the N(N − 1)/2 possible. There are exactly
Cn
N(N−1)/2 graphs satisfying these conditions, belonging to a probability space in

which every realization has the same probability; in the second, which we already
outlined above, known as binomial model, we consider N nodes in which every
pair is connected with probability p. It follows that the expectation value of the
number n of links in the entire network is

〈n〉 = p
N(N − 1)

2
.

By this way of construction, the probability of obtaining a graph G0 with n
connections is

P (G0) = pn(1− p)
N(N−1)

2 −n

which is a binomial probability distribution.
The purpose of random graph theory is to determine the particular values

of the probability p for which given topological property appears. Recall that p
is, in general, a function of the number of nodes in the graph. More formally,
we say that a property Q is satisfied by almost every graph if the probability
for such a property to appear tends to 1 in the limit for N −→ ∞.

It has been found from direct studies that many properties suddenly appear
in coincidence with the crossing of particular critical values pc(N) of the con-
nection probability. This behaviour resembles phase transitions and percolative
processes, phenomena that are in fact tightly connected to random graph theory.

It was demonstrated analytically [6] that the critical probability for which a
graph G with N nodes almost certainly contains a subgraph with s nodes and
l connections is pc(N) = cN−s/l, where c is a positive constant. We also know
the following critical probabilities for particular subgraphs:

• tree of order s: pc(N) = cNs/(s−1);

• cycle of order s: pc(N) = cN−1;

• complete subgraph of order s: pc(N) = cN2/(s−1).

It is very instructive to analyse these results from another point of view: let
us consider a graph with N nodes and a probability p(N) ∼ Nz, where z is a
real-valued negative parameter. For z < −3

2 there are no tree structures in the
graph. For z = − 3

2 trees of order 3 suddenly appear, for z = −4
3 trees of order

4 and so on. When z = −1 the probability of having cycles of any order jumps
from 0 to 1. A cycle of order 3 can also be seen as a complete subgraph of the
same order. Keeping increasing the value of z, complete subgraphs of higher
order appear and, for z −→ 0 the entire graph tends to a complete graph of
order N .

The distribution of the degree k of a node i belonging to a random graph
follows the binomial law

P (ki = k) = Ck
N−1p

k(1− p)N−1−k. (1)
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The degree distribution of the entire graph can be obtained studying the distri-
bution of the numberXk of nodes having exactly k connections. The expectation
value is

〈Xk〉 = NP (ki = k) = λk (2)

thus, in the limit for which we can take the Poissonian approximation of the
distribution of Xk, we have

P (Xk = r) = e−λk
λrk
r!

(3)

The distribution (3) rapidly decreases for large values of r, allowing us to
assert that Xk does not differ much from its expectation value (2). This is
equivalent to claim that the degrees of different nodes are independent variables.
Then eq. (1) well approximates the distribution of the number of connections
of the graph and for big N we can consider its Poissonian limit, finally yielding
to the degree distribution

P (k) ≈ e−pN (pN)k

k!
= e−〈k〉 〈k〉k

k!
.

1.6 Small World networks and Watts-Strogatz model

As in the case of random networks, real networks show small world features but,
as we previously pointed out, they are also characterized by much higher clus-
tering coefficient than those typical of random networks. The last is a property
that real networks share with ordered lattices, and more, the high clustering
coefficients are in those systems independent of the dimensions of the lattice.
Despite that, we underline that ordered lattices fail to reproduce another essen-
tial feature of real networks: a short average distance between nodes. Let us
consider for example an unidimensional ordered lattice with periodic boundary
conditions (i.e. a ring of nodes), in which every node is connected to theK nodes
closest to it. We can easily analytically determine the clustering coefficient for
such a system, given by

lim
K→∞

C =
3

4
.

But for a lattice in d dimensions the average path length scales as N1/d, which
is much faster than in random or real graphs, in which we have seen already a
logarithmic scaling with N .

Americans Watts and Strogatz were the first to present a model capable of
interpolating, under a control parameter, between a finite-dimensional ordered
lattice and a random network with the same number of nodes and links, keeping
both the properties of small world and of high clustering coefficient.

The model is operatively defined as follows:

Ordered lattice: We start with an ordered lattice with periodical boundary
conditions, in which every node is connected to the K first neighbours. In
order to have a web which is at the same time sparse but connected we
take N � K � ln(N) � 1.

Random reassignment: We randomly substitute the links of the graph with
probability p, impeding the existence of duplicate links and self-connected
nodes.
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Figure 2: Graphical representation of the Watts and Strogratz model as p varies.
Image from [3].

This algorithm introduces pNK/2 “long range” connections. As shown in
fig. 2, by varying p we have a continuous transition between a regular lattice
and a completely random graph.

This model takes its inspirations from social networks: everyone of us has
got a group of friends in which everybody knows each other, but also has some
distant friends.

It is interesting to study the behaviour of the clustering coefficient C(p) and
of the average path length l(p) as functions of the parameter of the model. For
the regular lattice from which we start (p = 0) we know that

C(0) ≈ 3

4

l(0) ∼ N

2K
� 1,

while from the random graph theory we know that for p = 1

C(1) ∼ K

N

l(1) ∼ ln(N)

ln(K)
.

We thus expect the behaviour of this model to agree with boundary conditions.
In fig. 3 we show the values of C(p) and l(p) obtained by numerical simulation:
it is important to notice how, for a wide interval of p, a high clustering coefficient
and a short average path length coexist. We can intuitively explain this result
by realizing that a small number of long range connections suffices to make the
average path length drop, while keeping the clustering coefficient practically
unaffected.

The degree distribution of this model is similar to the one we have already
seen for random graphs, with a sharp peak centred in the average degree value. It
follows that the graphs obtained with the Watts-Strogatz algorithms are rather
homogeneous and the degrees of the nodes do not significantly vary from the
average.

1.7 Scale-free models and preferential attachment

We have seen already in section 1.3 that many real systems exhibit a strong
deviation of their degree distribution from a Poissonian distribution, particularly
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Figure 3: Behaviors of the clustering coefficient and of the average path length
as the probability p of reassignement of a connection varies. Image from [3].

showing inverse power-law distributions. Barabási and Albert were the first
in 1999 to systematically study the scale invariance properties of many real
networks and to propose a valid model to reproduce such features.

We must notice a radical change in the approach to the study of networks:
up to here, we have studied models starting from their topology and observing
the consequent behaviour: from now on, on the other hand, the models will be
based on their evolutive dynamics and the topology will be a product of this
dynamics. This different strategy allows us to investigate the causes that lead
to the emergence of scale invariance in networks.

The models we have seen so far were characterized by a fixed number N of
nodes and the probability of having a connection was independent from node
properties. But if we think at real networks, as the Internet, for example, we
immediately notice that in most systems the number of nodes increases in time.
We also know from experience that in Nature the “law of the strongest” apply:
the rich becomes richer, the poor poorer. Going back to the example of the
Internet, it is evident that it is much more likely for a new page to link to a big
portal, which already has numerous links, rather than to a small personal page.
Barabási and Albert introduced this mechanism in network models, and it is
referred to as preferential attachment. The proposed model, called scale-free or
Barabási-Albert model, is the following:

Growth: We start from a number m0 of nodes connected all to all. At every
evolutionary time step we add a new link to the network with m < m0

links to the nodes already present in the network.

Preferential attachment: When choosing the links of the newly introduced
node, we assign to each node i a probability pi(ki), function of the number
of connection (degree) ki that i already has, according to the equation

p(ki) =
ki∑
j kj

.

After t time steps, N = m0+ t nodes belong to the network with m0(m0−1)
2 +mt

links. The degree distribution agrees with an inverse power-law whose exponent
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γ is independent from m and approximately equals to 3. An analytical study
is possible on this system, and well reproduces the results. The details of this
analysis are beyond the goals of this thesis and we remand to [3].

It is evident that the independence of γ from the parameters represents a
big limitation of the model, since real networks exhibit all exponents ranging
between 1 and 3.

The scale-free nature of the model only emerges with preferential attachment
laws p(ki) that are linear in ki. Non linear preferential attachment destroy in
facts the scale invariance. Preferential attachment laws that are asymptotically
linear in the limit for ki −→ ∞ of the kind p(ki) ∼ a∞ki constitute an exception
to this rule. In this case we obtain a degree distribution in the form

P (k) ∼ 1

kγ
, γ = 1 +

cost.

a∞

which allow critical exponents in the range [2,∞] [7].
We know from simulations that in the scale-free model, the average path

length is shorter than in an equivalent random graph with the same number of
nodes and links, yet its scaling maintains the logarithmic behaviour in N of the
Erdös-Rényi model.

There is not an analytical form describing the clustering coefficient as func-
tion of N , but it is empirically proved that it is always several times (approx-
imately 5) the clustering coefficient of an equivalent random graph and it de-
creases with N approximately as N−3/4.

Comparison with real systems shows another limitation of the model: in
fact, the average degree of many real networks increases in time faster than the
number of nodes. This phenomenon is called accelerated growth.

1.8 Allusion to aging and fitness models

The study of many real networks, as for example the network of scientific pub-
lications, underlines that a complete description of the mechanism leading to
the connection to a node rather than another cannot be reduced to a simple
preferential attachment process.

In particular, it appears natural that there must be phenomena such as
ageing and saturation. A node is likely to be receptive to new connections within
an interval of time from its introduction in the network, and it is going to be
“forgotten” or it will die (think about social networks). Similarly, for various
reasons (e.g. costs and capacity of the components of computer or electric web),
there might be limits to the number of links a node can bare. The introduction
of these phenomena in scale-free networks leads to an exponential cut-off in the
power-law degree distribution, accordingly to many real systems.

Another correction needed by the Barabási-Albert model concerns competi-
tion, a very important aspect of real webs: in the pure preferential attachment
model, the particular form of p(ki) makes older nodes prevail at later times,
since at the beginning of its life each node has a limited number of links. In this
way it is precluded the possibility for a node to accumulate, over a short period
of time, a relevant number of links, as it would happen for a revolutionary article
in the network of scientific publications.

Bianconi and Barabási [12] thus introduced for every node a new parameter
ηi, called fitness, which intuitively represent a measure of how competitive a
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node is within the network. The fitness parameter ηi is randomly chosen from
a distribution ρ(η) and the preferential attachment law is then modified such
that

p(ki, ηi) =
ηiki∑
j ηjkj

, (4)

bypassing de facto the limitation of the pure preferential attachment model.

1.9 Evolutive fitness models and
Self-Organized Criticality

While in the previous section we treated the fitness parameter as a correction to
the scale-free model of Barabási ed Albert, we are now going to use it as selection
criterion in a network with a cooperative/competitive dynamics. Though many
models of this kind have been proposed, we are going to focus our attention on
the one of Spanish Solé and Manrubia [8], which we will see in what follows, is
of extreme importance for what concerns this thesis.

The model, inspired by ecological networks in which different species com-
pete to fight against extinction, considers a fixed number N of nodes (species);
each node i has a binary value (state) assigned to it Si ∈ {0, 1} = {extinct, alive}
and initially (t = 0) every node is set to ’alive’. The network to which the nodes
belong is complete and directed and each connection has an intensity parame-
ter Jij ∈ (−1, 1) randomly assigned from a probability density ρ(J). Jij . The
parameter contains the information about the cooperative/competitive relation-
ship between species and, though its definition is slightly different, it is easy to
see that it has a very similar significance to the fitness parameter we encountered
in sec. 1.8.

The system evolves according to the following algorithm:

1. For each species we casually choose one of its non-zero outgoing connec-
tions Jji and we re-assign the fitness from the same distribution ρ(J) used
in the initialization.

2. We update the state Si of the nodes as

Si(t+ 1) = Θ

∑
j∈Ci

Jji(t)Sj(t)− θi


where Θ(x) = 1 if x > 0 and 0 otherwise, Ci is the set of non-zero connec-
tions relative to node i and θi is a tunable threshold parameter.

3. We eliminate from the graph all connections from and to extinct nodes.

4. Assuming that M species became extinct, we replace them with the same
number of new species by randomly picking up one of the survived species,
for example species k, which we will call the mother species. We consider
the set Ck we defined above to assign the connections to the daughter
nodes, which will thus have the same set of connections of the mother.
The connections of each daughter node i have new fitness parameters
assigned to them as

Jij = Jkj + νij

Jji = Jjk + νji

11



where ν is randomly chosen in the interval [−ε, ε] from a uniform distri-
bution. Through this procedure we introduce into the model a process of
diversification, typical of real ecological systems.

Qualitatively, the dynamics of this network exhibits eras of metastable equi-
librium, during which a few species extinguish at each update of the system and
the number of living species is nearly constant, interrupted by mass extinctions
in which the ecosystems renew its organization as a whole. The distribution
of the probability of having an extinction of s species, N(s), follows an inverse
power-law with exponent α = 2.3± 0.1 with an exponential cut-off for s −→ N .
Another power-law distribution emerges from the study of the waiting times
between two successive extinction of the same order s, N(ts), this time with ex-
ponent µ = 3.0± 0.1. Particularly important is the independence of the critical
exponents from the variables of the system and from the choice of the distri-
bution ρ(J). This property gives right to this system to approach the class of
models showing evidence of the so called self-organized criticality.

The self-organized criticality (SOC), introduced by Bak, Tang and Wiesen-
feld in 1985 [9] consists in the capacity of a system to self-organize in such a
way to reach a state of quasi-equilibrium which, is in the end, independent from
the parameters of the system.

With this last section we have completed our overview on the panorama of
complex networks. In what follows we are going to focus our attention on the
model suggested by Jain and Krishna.

2 Jain-Krishna Model

As we are going to discuss in more detail in the following sections, the model
suggested by Jain and Krishna (henceforth referred to as JK) is an evolutionary
model, similar in its dynamics to the Solé-Manrubia model we discussed in
the previous section. As the latter, JK has a fixed number of nodes and a
cooperative/competitive behaviour, consisting in the extinction and substitution
of the weakest nodes of the network. From the point of view of the construction
of the network, JK is closely equal to the random model of Erdös-Rényi.

We chose to focus on this model because of its versatility in describing with
a good grade of accuracy a wide range of different systems. Furthermore, its
dynamics is regulated by a differential equation, allowing an analytical study
which is not always possible in other models.

In order to fully understand the model, before further discussion of its details,
we are going to recall a few more concepts of the mathematical formalism.

2.1 Prerequisites

The JK model is built on a directed graph, thus, according to what is mentioned
in sec. 1.4, the adjacency matrix comes in the form

Aij =

{
1 if there exist a connection from j to i

0 otherwise.
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We call λ1 the principal eigenvalue (i.e. the maximum of the spectrum) of the
matrix A. Since A is a non negative matrix, so will its principal eigenvalue, often
referred to as Perron-Frobenius eigenvalue, after the authors of the theorem that
guarantees its existence. We will see that λ1 and the eigenvectors relative to it,
called the Perron-Frobenius eigenvectors (PFE), are connected to the topology
of the graph.

Given a graph G, the following are demonstrated properties that link the
graph topology to the λ1 of the adjacency matrix [10][11]:
if G

i. has no closed paths, λ1 = 0;

ii. has at least one closed path, λ1 ≥ 1;

iii. has some closed paths, and they all are cycles, λ1 = 1.

We shall see that these properties are extremely useful for the physical inter-
pretation of the model.

2.2 Origin and dynamics of the model

The model of Jain and Krishna [2] is inspired by the chemical problem of catal-
ysis. Consider a well stirred chemical reactor in which N chemical species are
present, along with a quantity, maintained constant, of the others reactants nec-
essary to their synthesis. Each species can intervene as a catalyst in the reaction
for the formation of other species. In the reaction

A+B
j−→ i

the species j catalyses the formation of the species i starting from the reactants
A and B, of which we suppose to always have available an amount sufficient to
carry out the reaction.

In the model, the nodes of our networks are the chemical species of the
reactor, and the links represent the intervention as a catalyst of a species in the
formation of another. Thus, there exist a link from species j to species i if j
catalyses the production of i.

Every node i in the network has a real value xi in [0, 1] assigned to it,
representing in the concentration of the species i within the reactor. We can
therefore represent the set of all nodes as a normalized vector x in a real space
in N dimensions.

In our reactor, structures such as paths and cycles may form, of which the
latter is of particular interest: a chain of chemical species that catalyses one
another. This type of structure is called an autocatalytic set (ACS). The species
belonging to such a structure take advantage of the cooperation of the other
nodes of the ACS, increasing their relative population inside the reactor. For
what we have seen in the previous section, we know that the presence of an ACS
in the network is linked to the value of λ1 .

It is convenient for what follows to give a more formal definition of an ACS,
relatively to the theory of direct graphs: An ACS is a subgraph in which each of
its nodes has at least one incoming link from another node of the same subgraph.
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Supposing that only the species j catalyses the synthesis of the i-th species,
the population of the latter inside the reactors varies accordingly to the rate
equation of the reaction

ẏi = k(1 + νjyj)nAnB − φ(t)yi,

where k is the kinetic constant of the reaction, νj is the efficiency of the catalyst,
nA,B are the concentrations of the reactants that take part in the reaction and
φ(t) is a function of time that takes into account the variations of the populations
due to the decay or death rate of the species. We will assume the efficiencies
of the catalysts to be all equal and much greater than unity, so that we can
exchange k(1 + νjyj)nAnB for a Kjyj . We can then generalize the previous
equation to the case of s catalysts:

ẏi =
s∑

j=1

Kijyj − φ(t)yi. (5)

In our idealized reactor we can now take the kinetic constant equal for all species
and identify Kij with the adjacency matrix Aij), extending the sum over all the
N species.

By definition, the concentration of a chemical species is

xi =
yi∑N
j=i yj

and deriving with respect to time the last equation, using (5) we have

ẋi =
N∑
j=1

Aijxj − xi

N∑
j,k=1

Akjxj (6)

which is the fundamental equation of our system. This equation has a term
proportional to xi and a non linear term, and it preserves the normalization of
the vector x.

An important characteristic of this equation is that it admits a point of
equilibrium exactly in the Perron-Frobenious eigenvector. That is to say that,
at the equilibrium, only the species having their representative in a PFE will
have a non zero concentration.

In what follows we are going to use indistinctly the terms population and
concentration to indicate the value xi relative to each node.

The network on which the model resides evolves according to the following
algorithm:

1. Initialization - An equal, constant, non zero population is assigned to ev-
ery node1. Each pair of nodes is connected randomly with probability p
(and kept unlinked with probability 1− p)2.

2. Fixed graph evolution - Equation (6) is integrated until the equilibrium
is reached, in which only the nodes belonging to the PFEs are populated.

1One can demonstrate that the equilibrium state of the system does not depend on the
initial values of the concentrations.

2Compare with the Erdös-Rényi in sec. 1.5.
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3. Dynamics of network change - Minimally populated nodes are selected.
Among these, one is randomly chosen and removed from the graph, along
with all its links (incoming and outgoing). A new node with non zero
initial population and random links chosen as in step 1 with the same
probability p is inserted in the graph to fill the vacancy.

Steps 2-3 are iterated.

2.3 Qualitative behaviour of the model

The dynamics of the JK is characterized by two different time scales: a fast
dynamics (microscopic time) consists in the approach to the attractor of eq. 6;
a slow dynamics modifies the topology of the graph (macroscopic time).

The time scale for the approach of the attractor depends on the topology of
the graph: if no ACS is present (λ1 = 0), the populations vary as powers of the
microscopic time t, therefore the time for the approach is polynomial; if there
are some ACSs in the graph, and each of these is part of a different connected
component of the graph (i.e. each ACS has no link from/to any other one), then
the attractor is reached in an exponential time; if there exist at least a couple
of ACSs connected to one another, the time is once again polynomial.

From the point of view of the slow dynamics we see the alternance of four
different phases:

Random Phase - A consistent fraction of the nodes are void in the attractor
and topologically, the network resembles a random graph. Complex self-
organized structures are absent at this time.

Growth - The first ACS appears and the system starts to self-organize: the
number of populated nodes grows much more rapidly than in the random
phase. At each time step, the newly introduced node tends to aggregate
to the ACSs already present in the graph.

Organized Phase - A giant ACS forms, to which almost every node belongs.
The removal and re-introductions of the nodes does not cause relevant
changes neither in the graph topology nor in the fast dynamics.

Catastrophe - On certain instances, it may happen that a node that played
a central role in the network organization is removed, or that a newly
introduced one messes up the topology of the graph. In both cases pro-
cesses are triggered that lead to significant drops in the fractions of nodes
with non-zero populations (mass extinctions). Sometimes this yields to
the complete destruction of the self-organized structures and the return
to the random phase.

We can distinguish two classes of catastrophes, that we often refer to as crashes:
we will call a population crash an event in which a mass extinction happens but
the self-organized structures eventually present in the network survive; we will
call a complete crash an event of complete destruction of any previous ACS
(thus λ1 comes back to the value of 0), and the return to the random phase.

In fig. 4 we can see the effect on the population of the nodes and on the
principal eigenvalue in the different phases of the dynamics: initially the system
is in the random phase; at t = 5194 the first ACS appears and the system
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Figure 4: Fraction of populated nodes and value of λ1 as functions of time. In
this run N = 100 and p = 0.0015.

enters the growth phase, that presents an increase in the fraction of populated
nodes. At the time step marked in the figure with the number 1 we have a
complete crash and both the eigenvalue and the population values drop, taking
the system back to the random phase until the advent of the new ACS, little
before t = 10000. Marked with number 2 we can see population crash event, in
which the population undergoes a significant drop while the eigenvalue stays well
over the value of 1.0, sign that the self-organized structure has resisted, at least
in part. The system re-enters then in the growth phase and quickly regains the
organized phase, corresponding to fractions of populated nodes close to unity.
The latter is maintained until the next crash.

In the next sections we will study the behaviour of the JK from an innovative
point of view, not previously undertaken by the fathers of the model, nor others.

2.4 Waiting time dynamics

The JK has been implemented in the C programming language, and intensively
simulated. Due to the computational complexity, and of our limited availability
of computational power, we considered a network of only N = 100 nodes.

In a first time we concentrated on the trend over time of the λ1 value and of
the fraction of nodes with non empty population. For this study it is necessary
that the system evolve alternating growth and catastrophes as many times as
possible. Given the dependence of the system on the probability p of having
a connection, we started by executing small simulations (10000 time steps)
varying p, to determine the value the most appropriate to pursue our goals.
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It is intuitive, in fact, that a system with a too high p will become particularly
robust against crashes and thus, once the organized phase is reached, it will
never return to a random phase. On the other hand, if p is particularly small,
the system will never reach the growth phase (i.e. the formation of an ACS). We
considered four different events and collected the time steps of their occurrence:
formation of the first ACS, first complete crash, reaching of the 70% of populated
nodes and return below 60% of populated nodes after 70% had been reached.
The p qualitatively optimal for having all four events happening before 10000
iterations has been found in p = 0.0015. This value can be compared with the
percolative limit p = 1

N , which in our case is an order of magnitude greater.

From data collected in a simulation of about 5.1 million time steps, we built
the statistics of: a) waiting time for the fraction of populated nodes to reach
60%; b) waiting time for the return of the fraction of populated nodes below
40% after passing 60%; c) waiting times of complete crashes; d) waiting time
between two successive starts of the growth phase (formation of the first ACS);
e) duration of the ACSs; f) duration of the random phase.

In figure 5 we can see the probability ψ(τ) of the occurrence of events of
length τ , both in log-log (large plots) and in semi-logarithmic scale (small plots),
shown as histograms populated exponentially3. In all plots, but particularly in
(a) and (e), we can see that the trend of the probability distributions show a
beginning of power-law for small values of τ (τ ∈ [0, 100] ca.), while exponential
cut-offs are asymptotically dominant, being particularly evident in the semi-log
plots, where they appear to be linear.

This result can be explained in the following way. Let us consider for example
the durations of the ACSs (but we can apply the same reasoning to all the events
we studied): we claim them to be effectively regulated by scale-free laws, evident
in the power-laws we discussed above, but these are hidden by the growth phases,
which follow exponential laws. Briefly, in order to show the power-law in all its
effectiveness, we should collect enough data to populated the bins for long events
(τ greater than about 100 time steps), so that the power-law prevail over the
exponential cut-off. The computational “heaviness” of the model is thus a big
limitation in this sense, since a sufficiently long run would require weeks or
months.

2.5 Degree distribution

In the same simulation we discussed in the previous section, we collected in a file
of about 2.2 GB in size, the number of links (incoming and outgoing) belonging
to each node for each time step.

The total number of connections (divided by 100 for graphical convenience)
and the eigenvalue λ1 are plotted against time in figure 6. We can clearly
see how the total number of connection is stable about an order of magnitude
above the expected value for a random graph with the same characteristics (i.e.

krandtot = 2pN(N−1)
2 , keeping in mind that we are dealing with a directed graph)

and how it is tightly correlated with the trend of λ1 . These result, completely
expected and foreseen, are due to the fact that when some ACS are present, all

3In practice, the bin width is augmented as the independent variable grows, so that in
log-log scale all bins appear to have the same width and a power-law appears to be linear.
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Figure 5: Distributions of: a) waiting time for the fraction of populated nodes
to reach 60%; b) waiting time for the return of the fraction of populated nodes
below 40% after passing 60%; c) waiting times of complete crashes; d) waiting
time between two successive starts of the growth phase (formation of the first
ACS); e) duration of the ACSs; f) duration of the random phase.
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the two observables. As a mean of comparison, the expected total number of
links for a random graph with the same p = 0.0015 is plotted.

nodes and links belonging to them are not likely to be removed at the graph
update; oppositely, the newly introduced nodes tend to aggregate to the ACSs,
thus increasing the total number of connections of the graph. In other words,
the growth mechanism adds more connections to the network than it removes,
until saturation is reached in the organized phase.

It is not so immediate, on the other hand, to explain why the number of
connections does not return to values compatible with the expected value for
random networks krandtot when the system falls back into the random phase as
consequence of a complete crash. Thus, we can say that “the random phase of
the JK is not properly random”. This effect contributes in the explanation of
the dominance of the exponential cut-off in the waiting time distributions. In
fact the system does not need to be reconstructed from a completely random
situation, but rather from the remaining of the organization established in the
previous evolutive cycle. The exponential cut-off then must be interpreted as a
warning that “part of the work was already done” and the next growth is going
to be faster compared to rebuilding from a truly random situation.

In figure 7 we plotted the number of connection P (k), grouped by incoming
and outgoing link, and further divided into the two macro-phases of the system:
absence or presence of organized structures. To obtained these plots, we oper-
ated an average on the set of the nodes and an average on time steps belonging
to the same macro-phase.

We can notice how the distributions of the outgoing links exhibit typically
Poissonian behaviours, while we recognize scale invariances in the distributions
of the incoming links, especially during the organized phase. This difference
between the two subset of edges immediately follows from the formal definition
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of ACS given in sec. 2.2. The presence of a hint of power-law even in the disor-
ganized phase (where it was not expected), is due to two main causes: first the
incomplete return to the random phase following a complete crash and second,
the temporal averaging operation, which includes time steps immediately before
and after the organized phases, thus not completely disorganized.

In figure 8 we “sliced” the organized phase in temporal intervals starting
from the time step of its formation and plotted, interval by interval, the degree
distribution. We can clearly see the tendency of the system to become better
organized and more complex as the duration of the organized phase increases.
We underline, though, that the distribution is Poissonian at the beginning of the
organized phase, and it does not deviate from this behaviour for a considerable
amount of time.

2.6 JK with preferential attachment

German researchers Areejit Samal and Hildegard Meyer-Ortmanns have mod-
ified in 2008 the model of Jain and Krishna [13], introducing a preferential
attachment procedure in the graph update dynamics (cf. sec. 2.2). With this
change, the connections of the newly introduced node are chosen according to
equation 4, where ηi = m is the same for each i and m is a parameter that
regulates the average probability of having a connection.

This change yields to an acceleration, with respect to the pure JK, of the
mechanism that leads to the formation of the first ACS, due to processes that
transform particular nodes into condensation centers of the network, or hubs.
In consequence, the modified model exhibits a formidable robustness of the
self-organized structure against node removal, since the preferential attachment
significantly increases the number of cycles in the graph.

The topology of the network tends to become similar to the scale-free Barabási-
Albert model, with an inverse power-law regulating the degree-distribution of
incoming edges P (k) ∼ 1

kγ with γ compatible with the value of 3.0 expected
from the preferential attachment mechanism.

Despite the interest that robustness can have for many applications of net-
work models, it represents for us an impediment to pursue our study of the
waiting time dynamics. We thus planned a new modification of the JK model,
which is the subject of the remaining sections of this thesis.

2.7 JK with KEA dynamics

Inspired by fitness evolutive models such as the one of Solé and Manrubia (cf.
sec. 1.9), we modified the JK in its mechanism of graph update as follows (cf.
sec. 2.2):

3bis. “KEA” Graph update - We select the least populated nodes, within
a tolerance ∆x and we replace all of them with new nodes and new con-
nections, with the same modality as in the original model to replace a
single node. (The acronym “KEA” stands for “Kill ‘Em All”, referring to
a well known album by Metallica).

The important difference compared to pure JK is thus that the update of
the graph is carried out removing all poorly populated nodes. In this sense we
can say that the JK+KEA (or simply KEA) is a more “democratic” model, in
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Figure 9: λ1 and total number of links in the JK+KEA, with p = 0.0015.

which the ambiguity in the choice of the node to replace has been completely
removed.

Even though that more detailed studies should be carried out, we have a
first, qualitative, evidence that the KEA model does not depend on, or very
lightly depends on ∆x, thanks to multiple simulation runs we executed varying
the parameter over more than two orders of magnitude. In what follows, we
always used ∆x = 5 × 10−4, so to ensure us that in most cases more than one
node will be replaced at each update.

The qualitative behaviour of KEA is completely identical to the unmodified
JK (see fig. 9). The graph procedure we introduced, however, shrinks the
transition times of the system, yielding faster dynamics compared to the JK: the
time steps needed to observe a given number of events drop by a factor of about
10. Furthermore, we observe a characteristic clusterization of the complete crash
events, i.e. the gathering of many such events over a short period of time4.

2.8 Waiting time dynamics with KEA

Unlike the JK, during the preliminary simulation that we executed in order to
scan the values of p, we found that the KEA exhibits interesting behaviours in
a wide range of the parameter values. We thus decided to simulate the KEA
in run of length 400 000 time steps with each p between 0.0002 and 0.0025, by
increments of 0.0001.

In figure 10.a we can see, for different values of p, the probabilities ψp(τ) of
having an ACS of duration τ . It is a general trend of KEA that for low values
of p, these distributions exhibit an asymptotic inverse power-law ψp(τ) ∼ 1

τµ

4We often call this phenomenon a burst.
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(plot for p = 3 × 10−4). This power-law tail moves back to values of τ ≈ 100
time steps as the connection probability rises (plot for p = 0.0008) and finally
for higher values of the parameter (plots for p = 0.0015 and p = 0.0025) the
scale law shows an exponential cut-off and tends to vanish. This trend is even
more evident in figure 10.b, where we plotted the survival probabilities5 Ψp(τ)
relative to the same events as in (a).

We executed best-fit calculations with the program GNUplot, both on the
ψp and the survival probability Ψp, in order to determine the exponent µ of the
power-laws we found. These calculations are made particularly difficult by the
wide range of variation of the data. The accepted result has been calculated
by cross-measuring the exponents on the probability distributions and on the
survival probabilities. The final results are plotted in figure 11. Although the
statistics is largely insufficient to draw significant conclusions, it is clear that
µ(p) has a maximum for p ≈ 8× 10−4 and, as we said, the power-law tends to
vanish for large values of p. This behaviour of the system can be explained by
the excessive fragility of the network for very small p and the excessive stability
and hardiness for very large values.

This dependency of the critical exponents by the connection probability led
us to think about mechanisms more complex than the SOC we found in the
Solé-Manrubia model. A deeper investigation is nevertheless needed to clarify
this point.

2.9 Degree distribution with KEA

In figure 9 we notice how the KEA model is much more efficient than the JK
to take the system back to the random phase following a complete crash. In
particular, we observe how the total number of links returns to values that are
compatible with those expected for an equivalent random graph.

From a simulation of KEA of about 1.4 million iterations with p = 0.0012 we
populated the statistics relative to the degree of the nodes during the evolution
of the system. In figure 12 we can see the degree distributions P (k) averaged
on the time steps in which the system had organized structures and on those
in which no organization was present. Similar to what we already discussed
for the JK, the degree distribution of the outgoing links is Poissonian, while it
shows power-law tails for the incoming links, for which P (k) ∼ 1

kγ . We notice
once more that a power-law is present in the disorganized phase, too, and the
reasons are the same as already mentioned in sec. 2.5. This explanation is
further strengthened by figure 13.a in which we see no residual organization.
At the same the power-law in the distribution of incoming links during the
organized phase appears to be much clearer.

The most important result of this thesis is undoubtedly the one expressed by
figures 13, showing the degree distributions of incoming links for different time
intervals of the organized phase of the system. It is evident the strong and fast
tendency to reach a scale-free topology, which reveals the trend of the system to
become more robust and to optimize the arrangement of the nodes, making the
network more and more complex. For ease of reading, we plotted in the same
figure the curve P (k) = 1

kγ with γ = 2.4, which fits the distribution quite well
at the latest time steps of the self-organized phase.

5The survival probability is the integral of the waiting time distribution.
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Figure 13: Incoming links degree distributions for λ1 ≥ 1, grouped by time
elapsed since the entering in the growth phase. The time intervals considered
are shown in the legends.
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2.10 Connection between spatial and temporal complex-
ity

The goal of this last section is to start, in an heuristic way, a formal theory
capable of linking the scale laws of the waiting time distributions we reported
in section 2.8 and the ones we found in the topology of the network of the KEA
model, discussed in the previous section.

We start off introducing the probability (rate) r(ti) for the system in the
organized phase to have a crash at the discrete time ti. Our hypothesis is that r
is monotone with the critical exponent γ of the degree distribution [14], which is
intuitively plausible since we expect a tightly connected and optimally organized
network to be less subjected to crashes.

The survival probability is, by definition, the probability that a crash has
not yet happened at time T :

Ψ(T ) =
T∏

ti=1

(1− r(ti)) ,

and in the continuous time limit, taking the logarithms and developing at the
first order for r ≈ 0 becomes

Ψ(T ) ≈ exp

[
−
∫ T

0

r(t′)dt′

]
. (7)

For a Poissonian process we have a constant r and, inserting it in eq. (7), we
have Ψ(T ) = e−rT , which is a Poissonian statistics, as expected. However, if the
process moves away from a Poissonian statistics, as in the system object of our
study, then r must decrease in time. We guess that the functional relationship
is of the form

r(t) =
r0

1 + r1t
. (8)

Inserting this ansatz into eq. 7 we get

Ψ(T ) = (1 + r1T )
− r0

r1 ,

in which, remembering that the survival probability is the integral of the waiting
time distribution, we recognize the critical exponent of our distribution to be

µ =
r0
r1

+ 1.

With this simple heuristic theory we connected the temporal scale laws of
our system (regulated by the critical exponent µ) with the scale-free topology of
the network (the degree distributions P (k) ∼ 1

kγ ). We can then conclude that
the KEA is a non-Poissonian renewal process.
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Conclusions

In this thesis we gave an overview of the most important network models known
in literature, concentrating on those who admit an evolution of the graph topo-
logy over time, i.e. those that better resemble our reality.

Among these, we focussed on the model proposed by S.Jain and S.Krishna.
We showed that the waiting time distribution ψ(τ) that characterizes the dy-
namics of the system, hides scale free properties, although overcast by a much
slower Poissonian growth process.

The work of A.Samal and H.Meyer-Ortmanns showed that the introduction
of the preferential attachment in the graph update process is not able to unmask
the scale free properties. Hence the necessity of our original KEA modification,
which, boosting the growth process, unveils the subjacent waiting time distri-
bution ψ(τ) ∼ τ−µ.

Furthermore, intensive simulations with different connectivity probabilities
p showed that the power law exponent µ of the waiting time distribution has a
dependency, not fully understood, from p. Due to our limited computing power,
our investigation was not able to go much far in this sense.

Another aspect of interest in the JK model is its degree distribution, known
to be Poissonian in the former model, and showing some hints of scale invari-
ance in the model modified with preferential attachment, though the data was
highly insufficient for the result to be significant. Once again, our KEA model
is able to clear the system from its slowest processes, allowing the study of a
completely new, extremely important scenario, where the topological scale in-
variance P (k) ∼ k−γ depends on the age of the self-organized structures that
generate it.

At last, we have found that the topological scale invariance and the waiting
time scale invariance are connected to one another, and we set the basis of a
theory that might be able to describe this interaction between space and time
domains.

As already mentioned, the computational issues arising from the simulation
of the model impede a deeper understanding of its true behaviour. In particular
it is extremely difficult to simulate networks with a sufficiently big number of
nodes. The limited time of this thesis impeded investigation of systems greater
than N = 128 nodes, which where not reported in this work due to lack of
sufficient statistics.

Further studies have to fill this gap, by optimizing the simulation program
and by collecting more data.

The importance of this work derives from the versatility of the system ex-
amined, which can find applications in the domains of chemistry, biology and
medicine, just to mention the most important ones.
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